
CS 189/289A Fall 2025

Discussion 11

Note: Your TA will probably not cover all the problems on this worksheet. The discussion work-
sheets are not designed to be finished within an hour. They are deliberately made slightly longer so
they can serve as resources you can use to practice, reinforce, and build upon concepts discussed in
lectures, discussions, and homework.

This Week’s Cool AI Demo/Video:
Anthropic credit research: https://www.youtube.com/watch?v=Y6wiWlcH5jM

Why aren’t LLMs deterministic with temperature 0?:

https://thinkingmachines.ai/blog/defeating-nondeterminism-in-llm-inference/

1 Positional Encoding

(a) Why do we need positional encoding? Describe a situation where word-order information is

necessary for the task performed.

(b) What is relative positional encoding? How is it di↵erent from absolute positional encoding?

(c) Rotary positional embeddings (RoPE) are a way of encoding token positions by rotating

pairs of embedding dimensions by an angle that grows with the position index, so that inner

products between tokens automatically depend only on their relative positions. They’ve be-

come a de-facto default in many modern LLMs.

Consider a sequence of N two-dimensional vectors

xn :=
�
x
(1)
n , x

(2)
n

�
, n = 1, 2, . . . , N.

For a parameter ✓ 2 R, the RoPE encoding at position n is

RoPE(xn, n) = R(n✓)xn, where R(↵) :=

 
cos↵ � sin↵

sin↵ cos↵

!
.

Show that the dot product between two RoPE-encoded vectors depends only on their relative
positions. In particular, prove that for any integers m, n, and k, the following holds:

RoPE(x,m)
>
RoPE(y, n) = RoPE(x,m+ k)

>
RoPE(y, n+ k).
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https://www.youtube.com/watch?v=Y6wiWlcH5jM
https://thinkingmachines.ai/blog/defeating-nondeterminism-in-llm-inference/



































































































input embeddings from input tokens don't capture
position of token in sequence
self attention mechanism is permutation invariant
sometimes word order changes the meaning e.g
a only John texted me on my birthday
b John only texted me on my birthday

consider example a from previous part
absolute we encode only as first word John

as second word so on

relative we encode only is one word before
John such
more generalizable

in lecture we discussed absolute encodings like
from Attention paper where Xn is an input
embedding rn is that token's position a we

combine them as In In th





































































similarity score Qkt is composed of inner products

rotationmatrix

X Wix Y way

ROPE XM RIMAX
ROPElyin R nosy

ROPEIX Mtk R Mtk g x

RoPEly ntK R entkIGly

ROPECXIMITROPE y n XtR me TR no y
ROPE X Mtk RoPEly ntk XTR mtk 0 TR Intact y

RINTRIB Cosa Sina coss simp
Sina cosa sins Cosp

cosacosptsinasinB cosasinptsinacosp
sinacosptcosasinp sinasinetcosacosp










































































































we need the product to sum formulas from trig
sin a sin p costaB cos Atp
cos a cosB CostaB cos Atp
sin a cosB sin atB sin AB
cos a sin B I sin atp sin x p

BTR B CostaB sin A B
sin NB cosCa B

Ble cosine is even cost O cost
Ble sine is odd sin f sing

RCNTRIB cosCB a sin B a RCB x
sin B x cos CB a

ROPE XMITROPEly n XtR mostRino y
X R no mo y

ROPE X Mtk ROPEly nt k X R mtkGTR Cntk G y
XTR CntkQ Mtk G y
XtR no Moly

shifting the position of both tokens by the same
amount K won't change the dot product ofembeddings
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2 Matching Similarity Matrices to Attention Heatmaps

Recall that in self-attention mechanisms, we compute the key-query similarity matrix QK
T
, scale

the matrix by
1p
Dk

, and then apply the softmax function row-wise to obtain attention scores.

Understanding how pre-softmax similarity scores translate to post-softmax attention weights is

crucial for interpreting attention patterns. Below are four 4 ⇥ 4 pre-softmax similarity matrices

and four corresponding post-softmax attention heatmaps. Your task is to match each pre-softmax

matrix to its corresponding heatmap and explain the transformation.

Pre-softmax matrices:

Matrix A:

2

6664

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

3

7775
Matrix B:

2

6664

10 1 1 1

1 10 1 1

1 1 10 1

1 1 1 10

3

7775

Matrix C:

2

6664

5 �1 �1 �1
5 5 �1 �1
5 5 5 �1
5 5 5 5

3

7775
Matrix D:

2

6664

�1 5 �1 �1
�1 �1 5 �1
�1 �1 �1 5

5 �1 �1 �1

3

7775

Post-softmax heat maps (darker = higher attention weight):
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QKT

softMaxrow FI
Dicekeyquery
dimension
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(a) Match each pre-softmax matrix (A-D) to its corresponding heatmap (1-4). Provide brief rea-

soning for each match.

(b) Explain why Matrix C represents a causal attention mask. In what type of model would you

typically see this pattern?

(c) Consider a temperature-scaled softmax: softmax(x/T ) where T is temperature. How would

changing T a↵ect the attention distribution for Matrix B?What happens as T ! 0 and T ! 1?
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Why are all the values 0.25
we apply softmax row wise so each rod
sums to 1

How did we get 0.9 along diagonal
We scale Qk matrix B by Die which we
don't provide then apply softmax row wise














































































































How did we get zeros in upper triangle
e or

neatly yes
0 for any finite integer n

what about the lower triangle
After setting upper triangle to O rows
must sum to 1






































































































an an d is Any

Az Azz Azz day

As

Au

Bysetting the upper triangle to o we force
the attention values in those positions to be 0

Recall Ani is attention that token n places on
token i Whywould we want an i o for nai

consider the example from discussion mini lecture
During training we have the following
Inputs where is the library Ceos
Outputs Csos Donde esta la biblioteca

Targets Donde esta la biblioteca eos










































































































During inference we start w the following
Inputs where is the library Ceos
outputs Sos
And we build the outputs one token at a time
from our trained transformer's predictions

To train a good i.e generalizable model that
can perform well during inference time we
don't want it to cheat during training Token
I should not be able to attend to token 2
ble it won't be able to do this during
inference But token 4 can look at tokens 13
ble it will have this info available during
inference






























rowwise

Qkt
F where T FDI

Along the diagonal Adiag e
e'on 3 t

Off of diagonal Aoff C't
e lo't 3 t

Low temperature Toot
ie low key query dimension Dr

tim e
t

T O elost gey
C t

e on It ze ah
I

Adiag t 39off
I t 3Aoff I T doff 0

It e
f Ise fi tYot ijeta go o

The diagonal terms dominate offdiagonal ones



High temperature totes

ie high key query dimension Dr
l im p

t

T P e lo't ze't 1 3 i I
Adiag t 39off
I t 3 Aoff I t doff
him e t

t d
e lo't get F I

i All of the terms getequal weight i.e
attention becomes uniform
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3 KV Caching in Autoregressive Generation

In autoregressive language models like GPT, we generate tokens one at a time, conditioning on

all previously generated tokens. This problem explores how KV caching dramatically improves

the runtime of this process.

The Naive Approach:

Consider generating a sequence of length N with a transformer that has:

• Model (hidden) dimension, Dmodel

• Number of attention heads, H

• Number of attention layers, L

Without caching, at iteration n when generating token yn, we compute attention as:

Attention(Qn,K1:n, V1:n) = SoftMaxrow

 
QnK

T
1:np

Dmodel/H

!
V1:n

where K1:n and V1:n are the keys and values for all tokens from position 1 to n. Notice that

we recompute Ki and Vi for all i < n at every step, even though these values don’t change.

The KV Cache Solution: We store the computed K and V matrices from previous iterations

and reuse them, only computing the new Kn and Vn for the current token.

(a) Without KV caching, how many times do we compute the key and value projections for

the first token y1 throughout the entire generation of a sequence of length N?

(b) For a single layer, what is the total number of matrix multiplications needed to compute

all key projections K1:N throughout the entire generation process without KV caching?
(Assume we compute each Ki individually at each iteration, i.e. Ki = yiWk, instead of

stacking tokens i up to n into an n⇥Dmodel matrix to computeK = XWk at each iteration.)

Express your answer in terms of N .

(c) With KV caching, how many matrix multiplications are needed to compute all key

projections throughout the entire generation?

(d) Briefly explain why KV caching is particularly important for applications like chatbots or

code assistants that involve multiple rounds of interaction.
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Every token in our sequence of length N will

use the key value of y in the attention
mechanism so kid v would need to be

computed N times if we don't cache them

At iteration I we need k so we have 1 mat mut

At iteration 2 we need k t ka so we have 2 m m

At iteration N we need ki ka kn so we have N

in total we have Ig n I N Nti O Na

matrix multiplications



At iteration I we need k so we have 1 mat mut

At iteration 2 we need k t ka but we cached
K so we only have I mat mut for Kr

At iteration N we need ki ka kn but we

cached ki ka kn i so we only have 1
Mat Mal for kn

in total we have exactly N matrix multiplications


